We calculate the exchange relations of vertex operators of U q ( sl 2 ) at level-two from its bosonic realization. The corresponding invertibility relation of type I vertex operators is also studied.
Introduction
Infinite-dimensional highest weight representations and the corresponding vertex operator [1] of quantum affine (super) algebras are two ingredients of great importance in algebraic analysis of lattice integrable models [2, 3] . The exchange relation of the vertex operators and its invertibility relation play a key role to construct bosonization of the corresponding lattice models both in the bulk case [4, 5, 6] and the boundary case [7, 8, 9] .
A powerful approach for studying the highest weight representations and vertex operators is the bosonization technique [10, 11] which allows one to explicitly construct these objects in terms of the q-deformed free bosonic and fermionic fields. In this paper, we study the exchange relations of vertex operators of U q ( sl 2 ) at level-two 2 and the invertibility relations from its bosonization which can be realized by a q-deformed bosonic free field and a fermionic free field [13, 14] .
2 The quantum affine algebra U q ( sl 2 )
The symmetric Cartan matrix of the affine Lie algebra sl 2 is where i, j = 0, 1. Quantum affine algebra U q ( sl 2 ) is a q-analogue of the universal enveloping algebra of sl 2 generated by the Chevalley generators {e i , f i , t ±1 i , d|i = 0, 1}, where d is the usual derivation operator. The defining relations are [15] 
where 
is a quasi-triangular Hopf algebra endowed with Hopf algebra structure:
U q ( sl 2 ) can also be realized by the Drinfeld generators [16] 
where the corresponding Drinfeld currents ψ ± (z) and X ± (z) are defined by
The Chevalley generators are related to the Drinfeld generators by the formulae:
Let us introduce the q-bosonic-oscillators {a n , Q, P |n ∈ Z − {0}} and Neuveu Schwartz sector of q-fermionic-oscillators {b r | r ∈ Z + 1 2 } which satisfy the commutation relations
Then we have [13, 14] Theorem 1 The Drinfeld currents of U q ( sl 2 ) at level-two are realized as
where
Level-two vertex operators
Let V be the 3-dimensional (or spin-1) evaluation representation of
given by [17] 
We define the dual modules V *
, where t is the transposition operation.
Throughout, we denote by V (λ) a level-two irreducible highest weight U q ( sl 2 )-module with the highest weight λ. Consider the following intertwines of U q ( sl 2 )-modules:
They are intertwines in the sense that for any x ∈ U q ( sl 2 ),
Φ(z) (Φ * (z)) is called type I (dual) vertex operator and Ψ(z) (Ψ * (z)) type II (dual) vertex operator.
We expand the vertex operators as
Using the method of Idzumi [14] , we have the following result.
Proposition 1
The operators φ(z), φ * (z), ψ(z), ψ * (z) satisfy the same commutation re-
To prove the proposition, the relations in appendix B are useful.
Remark. The vertex operators (both type I and type II) can almost be determined by the method used for the level-one bosonization of the vertex operators of U q ( sl N ) [5] . But the contribution to the vertex operators of the fermionic part can not be determined by studying the commutation relations with the q-bosonic-oscillators. However the commu- 3 Level-two highest weight U q ( sl 2 )-modules and the corresponding intertwines
, ....]e nQ |0 >, where the Fock vacuum vector |0 > is defined by a n |0 >= 0, for n > 0, P |0 >= 0,
It can be shown that the bosonized action of U q ( sl 2 ) on F 1 is closed. Hence the Fock space constitutes a U q ( sl 2 )-module at level-two. However, it is not irreducible. In order to obtain the irreducible subspace in F 1 , we should introduce the GSO-like projectors [13] :
we have the following relations
Then we have P ± X = XP ± for any X ∈ U q ( sl 2 ). Define
Then we have [13] Theorem 2 F (0) and F (1) are the irreducible highest weight U q ( sl 2 )-modules with the highest weights 2Λ 0 and 2Λ 1 respectively, namely,
One can further find that
. Hence, we have following equality:
Exchange relations of vertex operators
In this section, we derive the exchange relations of the type I and type II operators of U q ( sl 2 ) at level-two from their bosonization.
The R-matrix
Let R(z) ∈ End(V ⊗ V ) be the R-matrix of U q ( sl 2 ) defined by
It can be given explicitly by 
Here the normalized partition is
which is just that of Ref. [17] with the level k = 2. The other nonzero elements are given
3) and the initial condition R(1) = P with P being the permutation operator.
The exchange relations
Then the chevalley generators of U q ( sl 2 ) can be expressed by the integrals
From the normal order relations in appendix A, one can also obtain the integral expression of the vertex operators defined in (2.7-2.9)
By the "weak equality" technique proposed in [18] , using the normal order relations given in appendix A and the relations in appendix B, after tedious calculations , we can show that the bosonic vertex operators defined in (2.7-2.9) satisfy the Faddeev-Zamolodchikov (ZF) algebra
where τ (z) = −1. Furthermore, we can show that the type I bosonic vertex operators have the following invertibility relation
z(q 2 −1)q 2 . In the derivation of the above relations we have used the identity : φ 1 (z)φ 1 (zq −2 )E − (zq 4 )E − (zq 2 ) := id.
From the theorem 2 and the properties of bosonized vertex operators (3.6), we have Proposition 2 The vertex between the irreducible level-two highest weight U q ( sl 2 )-module V (2Λ 0 ) and V (2Λ 1 ) satisfy the ZF algebra and invertibility relation
17) Remark. We can similarily derive that the level-two vertex operators among V (Λ 0 +Λ 1 )s with the 3-dimensional evaluation representation in Ref. [14] satisfies the ZF algebraic relation with the same R-matrix.
ψ −1 (z)E + (w) = − 1 (zq 2 )(1 −
